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Abstract
We present a general formalism that provides a systematic com-
putation of the linear and non-linear perturbations for an arbitrary
number of cosmological fluids in the early Universe going through
various transitions, in particular the decay of some species (such as
a curvaton or a modulus). Using this formalism, we revisit the ques-
tion of isocurvature non-Gaussianities in the mixed inflaton-curvaton
scenario and show that one can obtain significant non-Gaussianities
dominated by the isocurvature mode while satisfying the present con-
straints on the isocurvature contribution in the observed power spec-
trum. We also study two-curvaton scenarios, taking into account the
production of dark matter, and investigate in which cases significant
non-Gaussianities can be produced.
1 Introduction
In many occasions, cosmology has been and still is an invaluable means
to constrain particle physics models. These constraints can arise by using
information from homogeneous cosmology, such as the constraints on the
light degrees of freedom at nucleosynthesis. With the discovery of the Cosmic
Microwave Background (CMB) fluctuations, new constraints arise from the
observed power spectrum of linear perturbations. Even more recently, the
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upper bounds on primordial non-Gaussianities have started to be used to
constrain early Universe scenarios.
Although the simplest early Universe models are based on inflationary
models with a single scalar field, many models involve additional scalar fields,
which can play a dynamical role during inflation or simply be spectactor fields
(see e.g. [1] for introductory lectures). The existence of several degrees of
freedom opens up the possibility of isocurvature perturbations, i.e. perturba-
tions in the particle density ratio between two fluids, for example cold dark
matter (CDM) isocurvature perturbations (between CDM and radiation) or
baryon isocurvature perturbations (between baryons and radiation). Since
primordial isocurvature perturbations leave distinctive features in the CMB
anisotropies, they can be in principle disentangled from the usual adiabatic
mode. The present upper bound on the isocurvature contribution to the
power spectrum provides a stringent constraint.
This is the case for the curvaton scenario [2] where large residual isocur-
vature perturbations (for CDM or baryons) can be generated, depending on
how and when CDM or baryons are produced [3, 4] (see also [5, 6] for more
detailed scenarios). The same constraints apply to moduli that are light
during inflation, and thus acquire super-Hubble fluctuations, as discussed
recently in [7].
Another potentially useful information on primordial perturbations is the
amplitude and shape of their non-Gaussianity. So far, the current CMB data
seem to favour a non-zero amount of so-called local non-Gaussianity [8], but
Planck data will be needed to confirm or infirm this trend. Several models
can generate local non-Gaussianity (see e.g. [9] for a recent review): multiple
field inflation (during inflation or at the end of inflation: see e.g. [10]),
modulated reheating [11, 12], curvaton, modulated trapping [13], etc. It is
thus interesting to combine the constraints on isocurvature modes and non-
Gaussianity to explore the early Universe physics, as has been done recently
in various scenarios [14, 15, 16, 17, 18, 19, 20, 21].
The purpose of the present work is to give a unified treatment of linear and
nonlinear perturbations, which enables to compute their evolution through
one or several cosmological transitions, such as the decay of some particle
species. Our treatment takes into account the various decay products and
their branching ratio. Our formalism can thus be applied to a large class of
early Universe scenarios, in order to compute automatically their predictions
for adiabatic and isocurvature perturbations, and their non-Gaussianities.
As input, one simply needs parameters that depend on the homogeneous
evolution. This thus provides a simple way to confront an early Universe
scenario, and its underlying particle physics model, with the present and
future cosmological data.
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As applications to our general formalism, we consider two specific ex-
amples. The first example is a more refined treatment of the isocurvature
perturbations and their non-Gaussianity in the mixed curvaton-inflation sce-
nario [22, 23, 24]. The second example deals with a multiple-curvaton sce-
nario [25, 26, 27, 28]. In both examples, we generalize the results that have
been obtained in previous works, allowing the curvaton to decay into several
species.
This paper is organized as follows. In Section 2, we introduce the non-
linear curvature and isocurvature perturbations. Section 3 is devoted to the
general treatment of a cosmological transition, such as the decay of some
particle species. In Section 4, we focus on the first application, namely the
mixed curvaton-inflaton scenario with a single curvaton. In Section 5, we
consider scenarios with two curvatons. We conclude in the final Section.
2 Non-linear curvature perturbations
We first introduce the notion of non-linear curvature perturbation. Several
definitions have been proposed, which turn out to be equivalent on large
scales, and we will follow here the covariant approach introduced in [29, 30],
and reviewed recently in [31].
For a perfect fluid characterized by the energy density ρ, the pressure
P and the four-velocity ua, the conservation law ∇aT ab = 0 for the energy-
momentum tensor, Tab = (ρ+ P )uaub + Pgab, implies that the covector
ζa ≡ ∇aN − N˙
ρ˙
∇aρ (1)
satisfies the relation
ζ˙a ≡ Luζa = − Θ
3(ρ+ p)
(
∇ap− p˙
ρ˙
∇aρ
)
, (2)
with the definitions
Θ ≡ ∇aua, N ≡ 1
3
∫
dτ Θ , (3)
where τ is the proper time along the fluid worldlines and a dot denotes a Lie
derivative along ua, which is equivalent to an ordinary derivative for scalar
quantities (e.g. ρ˙ ≡ ua∇aρ). N can be interpreted as the number of e-folds
of the local scale factor associated with an observer following the fluid.
The covector ζa can be defined for the global cosmological fluid or for
any of the individual cosmological fluids, as long as they are non-interacting
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(the case of interacting fluids is discussed in [32]). Using the non-linear
conservation equation
ρ˙ = −3N˙(ρ+ P ) , (4)
which follows from ub∇aT ab = 0, one can re-express ζa in the form
ζa = ∇aN + ∇aρ
3(ρ+ P )
. (5)
If w ≡ P/ρ is constant, the above covector is a total gradient and can be
written as
ζa = ∇a
[
N +
1
3(1 + w)
ln ρ
]
. (6)
On scales larger than the Hubble radius, the above definitions are equiv-
alent to the non-linear curvature perturbation on uniform density hypersur-
faces as defined in [33],
ζ = δN −
∫ ρ
ρ¯
H
dρ˜
˙˜ρ
= δN +
1
3
∫ ρ
ρ¯
dρ˜
(1 + w)ρ˜
, (7)
where H = a˙/a is the Hubble parameter.
It will be useful to distinguish the non-linear curvature perturbation ζ of
the total fluid, from the individual non-linear perturbation ζA that describes
the cosmological fluid A (with wA ≡ PA/ρA = 0 for a pressureless fluid or
wA = 1/3 for a relativistic fluid), defined by
ζ
A
= δN +
1
3(1 + w
A
)
ln
(
ρ
A
ρ¯
A
)
, (8)
where a bar denotes a homogeneous quantity.
Inverting this relation yields the expression of the inhomogeneous energy
density as a function of the background energy density and of the curvature
perturbation ζ
A
,
ρ
A
= ρ¯
A
e3(1+wA )(ζA−δN) , (9)
which we will use many times in the following.
The non-linear isocurvature (or entropy) perturbation between two fluids
A and B is defined by
SA,B ≡ 3(ζA − ζB). (10)
In the following, we will always define the isocurvature perturbations with
respect to the radiation fluid, so that our definition for the isocurvature
perturbation of the fluid A will be
SA ≡ 3(ζA − ζr), (11)
where ζr is the uniform-density curvature perturbation of the radiation fluid.
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3 Decay
Let us now consider a cosmological transition associated with the decay of
some species of particles, which we will call σ.
In the sudden decay approximation, the decay takes place on the hyper-
surface characterized by the condition
Hd = Γσ . (12)
Therefore, since H depends only on the total energy density, the decay hy-
persurface is a hypersurface of uniform total energy density, with δNd = ζ ,
where ζ is the global curvature perturbation. Using (9), the equality between
the total energy densities, respectively before and after the decay, thus reads∑
A
ρ¯A−e
3(1+wA)(ζA−−ζ) = ρ¯decay =
∑
B
ρ¯B+e
3(1+wB)(ζB+−ζ), (13)
where the subscripts − and + label quantities defined, respectively, before
and after the transition.
3.1 Before the decay
The first equality in (13) leads to∑
A
ΩAe
3(1+wA)(ζA−−ζ) = 1, (14)
where we have defined ΩA ≡ ρ¯A−/ρ¯decay (to avoid confusion, the ΩA are
always defined just before the decay). The above relation determines ζ as a
function of the ζA−.
At linear order, this gives
ζ =
1
Ω˜
∑
A
Ω˜A ζA− (first order) (15)
with the notation
Ω˜A ≡ (1 + wA)ΩA, Ω˜ ≡
∑
A
Ω˜A . (16)
Expanding (14) up to second order, one finds
ζ =
1
Ω˜
∑
A
Ω˜A
[
ζA− +
3
2
(1 + wA) (ζA− − ζ)2
]
(second order) (17)
where, on the right hand side, ζ is to be replaced by its first order expression
(15).
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3.2 After the decay
We now consider the outcome of the decay. In general, the species σ de-
cays into various species A, with respective decay widths ΓAσ. Defining the
relative branching ratios
γAσ ≡ ΓAσ
Γσ
, Γσ ≡
∑
A
ΓAσ , (18)
one can write the energy density of the fluid A after the decay in terms of
the energy densities of A and of σ as
ρA+ = ρA− + γAσρσ− . (19)
Using (9), one can rewrite this nonlinear equation in terms of the curvature
perturbations ζA+, ζA− and ζσ−, which yields
e3(1+wA)(ζA+−ζ) =
ρ¯A−e
3(1+wA)(ζA−−ζ) + γAσρ¯σ−e
3(1+wσ)(ζσ−−ζ)
ρ¯A− + γAσρ¯σ−
. (20)
This expression thus gives ζA+ as a function of ζA−, ζσ and of the global ζ .
Substituting ζ in terms of ζσ and of all the ζB−, one finally obtains ζA+ as a
function of all the ζB−.
Following this procedure, one finds that the linear curvature perturbation
for any given fluid A is given by
ζA+ =
∑
B
T BA ζB− (first order) (21)
with
T AA = 1− fA + fA
(wA − wσ)Ω˜A
(1 + wA)Ω˜
(22)
T σA = fA
1 + wσ
1 + wA
+ fA
(wA − wσ)Ω˜σ
(1 + wA)Ω˜
(23)
T CA = fA
(wA − wσ)Ω˜C
(1 + wA)Ω˜
, C 6= A, σ . (24)
In the above expressions, we have introduced the parameter
fA ≡ γAσΩσ
ΩA + γAσΩσ
, (25)
which represents the fraction of the fluid A that has been created by the
decay. If A does not belong to the decay products of σ, then fA = 0. The
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opposite limit, fA = 1, occurs when all the fluid A is produced by the decay.
For the intermediate values of fA, part of A is produced by the decay while
the other part is preexistent.
In the following, we will assume that the decaying species behaves like
non-relativistic matter (this is the case for a curvaton or modulus field that
oscillates in a quadratic potential) and we will thus always use wσ = 0.
From the above expressions (22-24), it is straightforward to check that∑
B
T BA = 1. (26)
The post-decay perturbation ζA+ can thus be seen as the barycenter of the
pre-decay perturbations ζB− with the weights T
B
A (all these coefficients sat-
isfy 0 ≤ T BA ≤ 1 for wσ = 0). Note that if the fluid A is not produced in the
decay (i.e. fA = 0), then the transfer coefficients are trivial: T
B
A = δ
B
A .
Since it is convenient to use the same range of species indices before and
after the transition, we also introduce the coefficients T Bσ = 0, which imply
that ζσ+ = 0. This convention will be especially useful when one needs to
combine several transitions, as we will discuss soon.
At second order, expanding (20) and substituting the first order expres-
sion (15) for ζ , one obtains
ζA+ =
∑
B
T BA ζB− +
∑
B,C
UBCA ζB−ζC−, (second order) (27)
with
UBCA ≡
3
2
[
TAB(1 + wB)δBC + 2
Ω˜C
Ω˜
(wA − wB)TAB − (1 + wA)TABTAC
−Ω˜BΩ˜C
Ω˜2
(
1 + wA −
∑
D
TAD(1 + wD)
)]
. (28)
The change of the various isocurvature perturbations, defined in (11), can
also be determined by using the above expressions. In particular, at linear
order, one finds, using the property (26), the simple expression
SA+ =
∑
B
(
T BA − T Br
)
SB− (first order). (29)
3.3 Several transitions
If the early Universe scenario involves several cosmological transitions, for ex-
ample several particle decays, one can use the above expressions successively
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to determine the final “primordial” perturbations, i.e. the initial conditions
at the onset of the standard cosmological era.
For linear perturbations, the expression of the final perturbations as a
function of the initial ones, is simply given by
ζ
(f)
A =
∑
B
T BA ζ
(i)
B , T =
∏
k
T[k] (30)
where T is the matricial product of all transfer matrices T[k], which describe
the successive transitions.
The cosmological transitions can result from the decay of some particle
species but they can be of other types. For example, if CDM consists of
WIMPs (Weakly Interacting Massive Particles), the freeze-out can be treated
as a cosmological transition. If radiation is the dominant species at freeze-
out, then ζc+ = ζr. But, if other species are significant in the energy budget
of the universe at the time of freeze-out, any entropy perturbation between
the extra species and radiation will modify the above relation. The presence
of a pressureless component, like a curvaton, leads to [4]
ζc+ = ζr− +
(αf − 3)Ωσ
2(αf − 2) + Ωσ (ζσ− − ζr−) , αf ≡
mc
Tf
+
3
2
(31)
at linear order, while the other ζA remain unchanged. The symbol “σ” de-
notes here the conglomerate of all pressureless matter at the time of freeze-
out, except of course the CDM species that is freezing out.
4 Scenario with a single curvaton
Let us now apply our formalism to a simple scenario with only three initial
species: radiation (r), CDM (c) and a curvaton (σ), considered in e.g. [34].
After the decay of the curvaton, the radiation and CDM perturbations remain
unchanged and provide the initial conditions for the perturbations at the
onset of the standard cosmological phase (let us say around T ∼ 1 MeV).
4.1 Perturbations after the decay
4.1.1 Linear order
According to the expressions (22-24), the linear transfer matrix TAB is given
in this case by
T =

 1− xr xc xr − xc0 1− fc fc
0 0 0

 , xr ≡ fr
Ω˜
, xc ≡ 1
4
Ωc xr (32)
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where the order of the species is (r, c, σ). This means that the linear curvature
perturbations for radiation and for CDM, after the curvaton decay, are given
respectively by
ζr+ = (1− xr) ζr− + xc ζc− + (xr − xc) ζσ− (33)
and
ζc+ = (1− fc) ζc− + fc ζσ−. (34)
The entropy perturbation after the decay is thus
1
3
Sc+ ≡ ζc+− ζr+ = (1− fc− xc)ζc−+ (xr − 1)ζr−+ (fc+ xc− xr)ζσ− , (35)
which can also be expressed directly in terms of the pre-decay entropy per-
turbations, following (29),
Sc+ = (1− fc − xc)Sc− + (fc + xc − xr)Sσ− . (36)
Note that, if many CDM particles are created by the decay of the curvaton,
a significant fraction of them could annihilate, leading to an effective sup-
pression of the final isocurvature perturbation. This effect has been studied
in [5] and can easily be incorporated in our formalism.
In practice, we will need the above expressions only in the limit xc = 0
since Ωc is usually negligible when the decay occurs. The coefficient xr, which
we will shorten into r from now on, can then be expressed as
r ≡ xr = fr
Ωσ
(
3Ωσ
4− Ωσ
)
≡ ξ r˜. (37)
The first factor,
ξ ≡ fr
Ωσ
=
γr σ
1− (1− γr σ)Ωσ (38)
can be interpreted as the transfer efficiency between the curvaton and radi-
ation. Its maximal value, ξ = 1, is reached when all the energy stored in the
curvaton is converted into radiation, i.e. when γr σ = 1, as usually assumed
in most works on the curvaton. However, if a fraction of the curvaton en-
ergy goes into species other than radiation, then the transfer efficiency ξ is
reduced. The second factor,
r˜ ≡ 3Ωσ
4− Ωσ , (39)
is the familiar coefficient that appears in the literature on the curvaton, which
coincides with our r only if ξ = 1.
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4.1.2 Second order
The expressions for the curvature perturbations up to second order are ob-
tained from the general expression (27-28), using the transfer matrix (32).
The expression for CDM is relatively simple:
ζc+ = (1− fc)ζc− + fcζσ− + 3
2
fc(1− fc) (ζc− − ζσ−)2 . (40)
The expression for radiation is much more complicated in general, but in the
limit xc = 0, which is of interest to us, the radiation perturbation reduces to
ζr+ = ζr− +
r
3
Sσ− +
r
18
[
3− 4r + 2r
ξ
− r
2
ξ2
]
S2σ− . (41)
In the limit γrσ = 1, i.e. ξ = 1, one recovers the usual expression.
Note that, although Ωc is assumed to be very small, it cannot be neglected
in the expression for fc [see (25)] because γcσ or Ωσ can be very small, and
fc can thus take any value between 0 and 1.
4.2 Initial curvaton perturbation
We now need to relate the perturbation of the curvaton fluid with the fluctu-
ations of the curvaton scalar field during inflation. For simplicity, we assume
here that the potential of the curvaton is quadratic.
Before its decay, the oscillating curvaton (with mass m≫ H) is described
by a pressureless, non-interacting fluid with energy density
ρσ = m
2σ2 , (42)
where σ is the rms amplitude of the curvaton field. Making use of Eq. (9),
the inhomogeneous energy density of the curvaton can be reexpressed as
ρσ = ρ¯σe
3(ζσ−δN) . (43)
In the post-inflation era where the curvaton is still subdominant, the spa-
tially flat hypersurfaces are characterized by δN = ζr (since CDM is also
subdominant). On such a hypersurface, the curvaton energy density can be
written as
ρ¯σe
3(ζσ−ζr) = ρ¯σe
Sσ = m2 (σ¯ + δσ)2 . (44)
Expanding this expression up to second order, and using the conservation
of δσ/σ in a quadratic potential, we obtain
Sσ = 2
δσ∗
σ¯∗
−
(
δσ∗
σ¯∗
)2
, (45)
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where the initial curvaton field perturbation, δσ∗, is assumed to be Gaussian,
as would be expected for a weakly coupled field. The curvaton entropy
perturbation (45) thus contains a linear part Sˆ which is Gaussian and a
second order part which is quadratic in Sˆ:
Sσ = Sˆ − 1
4
Sˆ2 , with Sˆ ≡ 2δσ∗
σ¯∗
(46)
where the power spectrum of Sˆ, generated during inflation, is given by
〈Sˆ(~k)Sˆ(~k′)〉 = (2π)3 2π
2
k3
PSˆ(k) δ(~k + ~k′), PSˆ(k) =
4
σ2
∗
(
H∗
2π
)2
. (47)
The subscript ∗ means that the quantity is evaluated at the time when the
corresponding scale crossed out the Hubble radius during inflation.
4.3 Primordial adiabatic and isocurvature perturba-
tions
For simplicity, we now assume that the post-inflation perturbations for dark
matter and radiation, i.e. before the curvaton decay, are the same and depend
only on the inflaton fluctuations,
ζc− = ζr− = ζinf , (48)
so that there are only two independent degrees of freedom from the inflation-
ary epoch, ζinf and Sˆ.
Substituting (46) and (48) into (41) and (40) yields
ζr = ζinf +
r
3
Sˆ +
r
36
[
3− 8r + 4r
ξ
− 2r
2
ξ2
]
Sˆ2 (49)
and
Sc = (fc − r)Sˆ + 1
12
[
3fc(1− 2fc)− r
(
3− 8r + 4r
ξ
− 2r
2
ξ2
)]
Sˆ2, (50)
In the limit γrσ = 1, i.e. ξ = 1, one recovers the well-known expression for
ζr.
Considering only the linear part of (49), one finds that the power spectrum
for the primordial adiabatic perturbation ζr can be expressed as
Pζr = Pζinf +
r2
9
PSˆ ≡ (1 + λ)Pζinf ≡ Ξ−1
r2
9
PSˆ (51)
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where λ is defined as the ratio between the curvaton and inflaton contribu-
tions and Ξ = (1+λ−1)−1 as the ratio between the curvaton contribution and
the total curvature power spectrum. The limit λ≫ 1, or Ξ ≃ 1, corresponds
to the standard curvaton scenario, where the inflaton perturbation is ig-
nored. The cases where the inflaton contribution is not negligible correspond
to the mixed inflaton-curvaton scenario [22]. The curvaton contribution is
subdominant when λ≪ 1, i.e. Ξ≪ 1.
Let us now turn to the primordial isocurvature perturbation. As can be
read from the linear part of (50), its power spectrum is given by
PSc = (fc − r)2PSˆ . (52)
and the correlation between adiabatic and isocurvature fluctuations is
C ≡ PSc,ζr√PScPζr = εf Ξ1/2 , εf ≡ sgn(fc − r) . (53)
In the pure curvaton limit (Ξ ≃ 1), adiabatic and isocurvature perturbations
are either fully correlated, if εf > 0, or fully anti-correlated, if εf < 0. In
the opposite limit (Ξ≪ 1), the correlation vanishes. For intermediate values
of Ξ, the correlation is only partial, as can be also obtained in multifield
inflation [35].
As combined adiabatic and isocurvature perturbations lead to a distor-
tion of the acoustic peaks, which depends on their correlation [36], it is in
principle possible to distinguish, in the observed fluctuations, the adiabatic
and isocurvature contributions. So far, there is no detection of any isocurva-
ture component, but only an upper bound on the ratio between isocurvature
and adiabatic power spectra, which, in our case, is given by
α ≡ PScPζr
= 9
(
1− fc
r
)2
Ξ . (54)
The observational constraints on α depend on the correlation. Writing α ≡
a/(1−a) (note that α ≃ a if α is small), the constraints (WMAP+BAO+SN)
given in [8] are
a0 < 0.064 (95%CL), a1 < 0.0037 (95%CL) (55)
respectively for the uncorrelated case and for the fully correlated case 1.
One sees that the observational constraint α≪ 1 can be satisfied in only
two cases:
1Our notations differ from those of [8]. Our a corresponds to their α and our fully
correlated limit corresponds to their fully anti-correlated limit, because their definition of
the correlation has the opposite sign.
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• |fc − r| ≪ r, i.e. a fine-tuning between the two parameters fc and r.
This includes the case fc = 1 with r ≃ 1, considered in [17].
• Ξ≪ 1, i.e. the curvaton contribution to the observed power spectrum
is very small.
4.4 Non-Gaussianities
Let us now examine the amplitude of the non-Gaussianities that can be
generated in our model. We recall that our observable quantities ζ and S are
of the form
ζ = ζinf + z1 Sˆ +
1
2
z2 Sˆ
2, S = s1 Sˆ +
1
2
s2 Sˆ
2, (56)
where ζinf and Sˆ are two independent Gaussian fields and where the coeffi-
cients can be read explicitly from (49) and (50).
Applying the general results of the Appendix to the present situation,
we can easily compute for our model the “reduced” angular bispectrum,
which is of direct interest for a comparison with CMB observations and which
generalizes the analysis of [37] in the purely adiabatic case. Specializing (112)
to our case, one finds
bl1l2l3 = 3
∑
I,J,K
bI,JKNL
∫
∞
0
r2drβ˜I(l1(r)β
J
l2
(r)βKl3)(r) (57)
with
bI,JKNL ≡ N I(2)NJ(1)NK(1), (58)
where N ζ(2) = z2, N
S
(2) = s2, N
ζ
(1) = z1, N
S
(1) = s1, respectively, and
β˜Il (r) ≡
2
π
∫
k2dk jl(kr)g
I
l (k), β
I
l (r) ≡
2
π
∫
k2dk jl(kr)g
I
l (k)PSˆ(k) ,
(59)
where the gIl (k) denote the adiabatic (I = ζ) and isocurvature (I = S)
transfer functions. Because of the symmetry under exchange of the last two
indices, the reduced bispectrum contains six different contributions, whose
amplitude is parametrized by the six coefficients bI,JKNL .
In order to compare these coefficients with the usual parameter fNL de-
fined in the purely adiabatic case, one must recall that fNL is proportional to
the bispectrum of ζ divided by the square of its power spectrum. By noting
that the βIl (r) introduced in (59) involve PSˆ, this implies that the analogs
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of fNL can be defined by dividing the coefficient b
I,JK
NL by the square of the
ratio Pζ/PSˆ = z
2
1Ξ
−1. We thus introduce the parameters
f˜ I,JKNL ≡
6
5
f I,JKNL ≡
Ξ2
z41
bI,JKNL , (60)
explicitly given by the expressions
f˜ ζ,ζζNL =
z2
z2
1
Ξ2, f˜ ζ,ζSNL =
s1z2
z3
1
Ξ2, f˜ ζ,SSNL =
s2
1
z2
z4
1
Ξ2, (61)
f˜S,ζζNL =
s2
z2
1
Ξ2, f˜S,ζSNL =
s1s2
z3
1
Ξ2, f˜S,SSNL =
s21s2
z4
1
Ξ2 . (62)
In the absence of isocurvature perturbations, the above non-linear pa-
rameters vanish except the first one, yielding
f ζ,ζζNL =
5
6
(
3
2r
+
2
ξ
− 4− r
ξ2
)
Ξ2 , (63)
which exactly coincides with the familiar parameter fNL. The amplitude
of the non-gaussianities is determined by the three parameters r, ξ and Ξ
(note that one recovers the usual prediction of the pure curvaton scenario
for ξ = 1 and Ξ = 1), which take values between 0 and 1. The present con-
straints on fNL, calculated from WMAP data by assuming purely adiabatic
perturbations, are [8]:
−10 ≤ f (local)NL ≤ 74. (64)
A sufficiently small r, or even ξ, leads to a significant non-Gaussianity from
the adiabatic component, whereas a small Ξ tends to suppress it.
If isocurvature modes are present, however, the five other terms in the
reduced bispectrum (57) will also contribute in general. Interestingly, the
six functions on the right hand side of (57) have distinct dependences on the
li, because they involve different combinations of the adiabatic and isocur-
vature transfer functions. Therefore, this allows in principle to measure, or
constrain, independently the corresponding six non-linear parameters from
the CMB data. The precise determination of constraints on the f I,JKNL is
beyond the scope of the present work, but since all the functions multiply-
ing the bI,JKNL in (57) are of similar amplitude, one can a priori expect the
constraints on the f I,JKNL to be of the same order of magnitude as those on
fNL
2.
2Observational constraints on isocurvature non-Gaussianities are given in [19] , for an
isocurvature perturbation of the form S = SL + f
(iso)
NL S
2
L, where SL is Gaussian. Their
non-linear parameter f
(iso)
NL is related to ours according to f˜
S,SS
NL = 2f
(iso)
NL α
2, f˜S,ζSNL =
2f
(iso)
NL α
3/2|C| and f˜S,ζζNL = 2f (iso)NL α C2, where C is the correlation defined in (53).
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Let us now explore the amplitude of the non-linear parameters in our
model. First of all, let us stress that finding significant non-Gaussianities
(typically fNL ∼ 10− 100) requires, in all cases, a small denominator z1, i.e.
r ≪ 1, which will thus be assumed below. Second, it is worth noting that all
the coefficients are related via the two rules
f I,JSNL =
s1
z1
f I,JζNL (R1), f
S,IJ
NL =
s2
z2
f ζ,IJNL , (R2) . (65)
Therefore, the hierarchy between the parameters can be deduced from the
value of the first order ratio
s1
z1
= 3
(
fc
r
− 1
)
= εf
√
α
Ξ
, εf ≡ sgn(fc − r), (66)
where we have used (54), as well as the second order ratio s2/z2, which is a
more complicated expression in general.
We now consider successively the two limits for which the isocurvature
bound is satisfied.
4.4.1 Limit |fc − r| ≪ r, with Ξ ≃ 1 (pure curvaton scenario)
In this case, the isocurvature-adiabatic ratio α must satisfy the observational
constraint α ≃ a1 ≤ 0.0037, since we are in the fully correlated case. The
relevant ratios are given here by
s1
z1
≃ εf
√
α,
s2
z2
≃ εf
√
α− 2r˜(2− r˜)
1 + 2 r˜ (2− r˜) /3 (67)
where we have taken the limit r = ξ r˜ ≪ 1 (although r cannot be smaller than
10−2, to be compatible with observational constraint on fNL). If r is small
because r˜ ≪ 1, then the denominator in the expression for s2/z2 reduces to
1. However, if ξ ≪ 1 while r˜ is of order 1, the full expression for s2/z2 is
needed.
The value of the first ratio implies that, with respect to f ζ,ζζNL , the coeffi-
cients f ζ,ζSNL and f
ζ,SS
NL are suppressed with factors
√
α and α, respectively, ac-
cording to (R1). Analogously the coefficients fS,ζSNL and f
S,SS
NL are suppressed,
respectively with factors
√
α and α, with respect to fS,ζζNL . By contrast, using
(R2), one sees that fS,ζζNL could be of the same order of magnitude as f
ζ,ζζ
NL , if
r˜ ∼ 1, or suppressed if r˜ is small.
To conclude, in the pure curvaton scenario, it is possible to satisfy the
isocurvature constraint and to get measurable non-gaussianities only by as-
suming a fine-tuning between fc and r at the percent level. In this situation,
only the purely adiabatic parameter is significant, while the other parameters
are suppressed, with increasing powers of α.
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4.4.2 Limit Ξ≪ 1
In this limit α must satisfy the constraint α ≃ a0 < 0.064 (uncorrelated
case).
In the regime fc ≪ r ≪ 1, one finds that both ratios s1/z1 and s2/z2 re-
duce to (-3), independently of the value of r˜. Therefore, the relation between
the non-linear parameters is simply
f˜ ζ,ζζNL ≃
α2
54r
, f˜ I,JKNL ≃ (−3)IS f˜ ζ,ζζNL (fc ≪ r ≪ 1) (68)
where IS is the number of S among the indices (I, JK). This is the result
obtained in [17] for fc = 0. For α close to its present upper bound, one sees
that detectable non-Gaussianity can be generated with r ∼ 10−5.
By contrast, in the regime fc ≫ r, the purely adiabatic coefficient is
strongly suppressed since
f˜ ζ,ζζNL ≃
α2r3
54f 4c
. (69)
However, the other coefficients are now enhanced with respect to the purely
adiabatic coefficient, via the large factors
s1
z1
≃ 3fc
r
,
s2
z2
≃ 3fc
r
(1− 2fc) . (70)
where, for simplicity, we have assumed r˜ ≪ 1 (the other possibility ξ ≪ 1
yields a more complicated expression for the second ratio, with a dependence
on r˜). The dominant term is therefore the purely isocurvature term
f˜S,SSNL ≃ α2
1− 2fc
2fc
(71)
If fc ∼ 1, this purely isocurvature non-Gaussianity, although enhanced with
respect to all the other contributions, remains negligible since it is suppressed
by the very small factor α2. This was the conclusion reached in [17] (for
fc = 1).
However, we now see that this suppression can be compensated if fc is
smaller than α2. The purely isocurvature parameter and the other ones are
then given by
f˜S,SSNL ≃
α2
2fc
, f˜ I,JKNL ≃
(
r
3fc
)Iζ
f˜S,SSNL (r ≪ fc ≪ 1) (72)
where Iζ is the number of ζ among the three indices. One can notice that the
amplitude of the purely isocurvature non-Gaussianity does not depend on the
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parameter r, but only on α and fc. For instance, with α = 0.05 which satisfies
the current observational bound, a value fc = 10
−5 yields f˜S,SSNL ∼ 100. In
such a scenario, one gets observable non-Gaussianity that comes essentially
from isocurvature modes, even if the latter are subdominant in the power
spectrum.
5 Scenario with two curvatons
We now apply our formalism to the models where two curvatons are present
in the early Universe (see e.g. [25, 26, 27]). The curvaton σ will be assumed
to decay first, followed later by the curvaton denoted χ.
5.1 First order
At linear order, the decay of the first curvaton can be characterized by the
transfer matrix
T[1] =


1− xr1 xc1 xχ1 xr1 − xc1 − xχ1
0 1− fc1 0 fc1
0 0 1− fχ1 fχ1
0 0 0 0

 , (73)
where the order of the species is (r, c, χ, σ), while the decay of the second
curvaton is characterized by the transfer matrix
T[2] =


1− xr2 xc2 xr2 − xc2 0
0 1− fc2 fc2 0
0 0 0 0
0 0 0 0

 . (74)
In the above matrices, the definitions of the parameters are analogous to
the definitions introduced in (32), i.e. xr1 ≡ fr1/Ω˜1, xc1 ≡ Ωc1 xr1/4, xχ1 ≡
Ωχ1 xr1/4, etc, and the indices 1 and 2 refer respectively to the first and
second decays. We have also allowed the possibility that the first curvaton σ
decays into the second curvaton χ, hence the presence of the parameter fχ1.
The expression of the perturbations for radiation and CDM, after the
two transitions, are expressed in terms of the initial perturbations ζB0 via
the product of the two transfer matrices given above, i.e.
ζA =
∑
B
(
T[2] · T[1]
) B
A
ζB0. (75)
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At first order, the radiation curvature perturbation, after the second cur-
vaton decay, reads
ζr = ζr0 + zσ Sσ0 + zχ Sχ0 + zc Sc0, (76)
with
3zσ = (1− xr2)(xr1 − xc1 − xχ1) + fc1xc2 + fχ1(xr2 − xc2), (77)
3zχ = (1− fχ1)(xr2 − xc2) + (1− xr2)xχ1, (78)
3zc = (1− fc1)xc2 + (1− xr2)xc1 . (79)
Combining this expression with that of the CDM curvature perturbation,
according to (11), we find that the CDM entropy perturbation is given by
Sc = sσ Sσ0 + sχ Sχ0 + sc Sc0, (80)
with
sσ = −3zσ + fc1(1− fc2) + fc2fχ1, (81)
sχ = −3zχ + fc2(1− fχ1), (82)
sc = −3zc + (1− fc1)(1− fc2). (83)
For simplicity, we will restrict ourselves, from now on, to the case where
Sc0 = 0.
Defining Λ as the ratio between the two curvaton power spectra, such
that
PSχ0 ≡ ΛPSσ0, (84)
one easily finds that the ratio between the isocurvature and the adiabatic
spectra is given by
α =
PSc
Pζr
=
s2σ + Λs
2
χ
z2σ + Λz
2
χ
Ξ , Ξ ≡ λχ + λσ
1 + λχ + λσ
(85)
where λχ and λσ are defined as in (51), i.e.
Pζr = Pζr0 + z2σPSσ0 + z2χPSχ0 ≡ (1 + λσ + λχ)Pζr0. (86)
The correlation between ζr and Sc can be expressed as
C = zσsσ + Λzχsχ√
(s2σ + Λs
2
χ)(z
2
σ + Λz
2
χ)
√
Ξ . (87)
18
The observational constraints on α impose that at least one of the follow-
ing conditions must be satisfied:
Ξ≪ 1 or s2σ + Λs2χ ≪ z2σ + Λz2χ . (88)
The first possibility, Ξ≪ 1, corresponds to a power spectrum dominated by
the inflaton, whereas the second possibility requires special cancellations in
(81-82) so that sσ and sχ are suppressed.
5.2 Second order
We now consider the perturbations up to the second order, in order to com-
pute the non-Gaussianities. First, let us decompose the curvaton entropy
perturbations as in (46), so that
Sσ0 = Sˆσ − 1
4
Sˆ2σ Sχ0 = Sˆχ −
1
4
Sˆ2χ, (89)
where Sˆσ and Sˆχ are two independent Gaussian quantities.
The radiation curvature perturbation and the dark matter entropy per-
turbation after the second decay, up to second order, are given in our notation
by
ζr = ζr0 + zσSˆσ + zχSˆχ + zσχSˆσSˆχ +
1
2
zσσSˆ
2
σ +
1
2
zχχSˆ
2
χ (90)
Sc = sσSˆσ + sχSˆχ + sσχSˆσSˆχ +
1
2
sσσSˆ
2
σ +
1
2
sχχSˆ
2
χ (91)
where the coefficients zσ, zχ, sσ and sχ have already been defined in (77-
78) and (81-82), respectively. We do not give explicitly the full expressions
for the second order coefficients because they are very lengthy, but they are
straightforward to compute by using the general expressions (27-28) with the
transfer matrices (73-74).
Let us calculate the reduced bispectrum by using the general expression
given in the Appendix. In our model, ignoring the inflaton which does not
produce significant non-Gaussianities, the relevant power spectra are inde-
pendent so that
P ab(k) =
(
1 0
0 Λ
)
PSˆ σ , (92)
where we furthermore assume that Λ is strictly independent of k (this is
indeed the case if the masses of both curvatons are negligible with respect to
H during inflation).
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As a consequence, the reduced bispectrum can be reduced to the same
expression as that already given in Eq. (57) with
βIl (r) ≡
2
π
∫
k2dkjl(kr)g
I
l (k)PSˆ σ(k) (93)
and the six parameters
bI,JKNL ≡ N IσσNJσNKσ + ΛN Iσχ
(
NJσN
K
χ +N
J
χN
K
σ
)
+ Λ2N IχχN
J
χN
K
χ , (94)
where the coefficients N Iab, which are defined as in (105), can be read off
directly from (90) and (91). In complete analogy with the model with one
curvaton, to be compared with the standard fNL, these coefficients must be
divided by the square of the ratio Pζ/PSσ0 = (z
2
σ + Λz
2
χ)/Ξ, hence:
f˜ I,JKNL ≡
(
Ξ
z2σ + Λz
2
χ
)2
bI,JKNL . (95)
The six non-linearity coefficients are thus given by
f˜ ζ,ζζNL =
(
Ξ
z2σ + Λz
2
χ
)2 [
zσσz
2
σ + 2Λzσχzσzχ + Λ
2zχχz
2
χ
]
,
f˜ ζ,ζSNL =
(
Ξ
z2σ + Λz
2
χ
)2 [
zσσzσsσ + Λ zσχ(zσsχ + zχsσ) + Λ
2zχχzχsχ
]
,
f˜ ζ,SSNL =
(
Ξ
z2σ + Λz
2
χ
)2 [
zσσs
2
σ + 2Λ zσχsσsχ + Λ
2zχχs
2
χ
]
,
f˜S,ζζNL =
(
Ξ
z2σ + Λz
2
χ
)2 [
sσσz
2
σ + 2Λsσχzσzχ + Λ
2sχχz
2
χ
]
,
f˜S,SζNL =
(
Ξ
z2σ + Λz
2
χ
)2 [
sσσzσsσ + Λsσχ(sσzχ + sχzσ) + Λ
2sχχsχzχ
]
,
f˜S,SSNL =
(
Ξ
z2σ + Λz
2
χ
)2 [
sσσs
2
σ + 2Λsσχsσsχ + Λ
2sχχs
2
χ
]
. (96)
In the following we analyze explicitly some limiting cases.
5.3 Various limits
We now explore the parameter space, in order to see whether it is possible
to obtain significant non-Gaussianities.
Let us first mention that we have checked that our results agree with
those of [27] in the limit where the curvatons decay only into radiation (i.e.
fc1 = fc2 = fχ1 = 0), the dark matter abundance is neglected (i.e. xc1 =
xc2 = 0) and the inflaton contribution is ignored (i.e. Ξ = 1).
20
5.3.1 Limit Λ≪ 1
In this limit where the contributions from the second curvaton are negligible,
one finds
α ≃ Ξ s
2
σ
z2σ
, f˜ ζζζNL ≃ Ξ2
zσσ
z2σ
, (97)
while the other five non-linear coefficients can be deduced from f˜ ζζζNL according
to the relations
f I,JSNL ≃
sσ
zσ
f I,JζNL f
S,IJ
NL ≃
sσσ
zσσ
f ζ,IJNL . (98)
The quantity α is constrained by observations to be small, which requires
either Ξ≪ 1 or |sσ| ≪ |zσ|.
First possibility: Ξ≪ 1, while |zσ| ∼ |sσ|.
This leads to a suppression of all the non-Gaussianity coefficients by a
factor Ξ2. However, the coefficients f˜ ζ,JKNL can still be significant if the ratio
zσσ/z
2
σ can compensate the Ξ
2 suppression (similarly for the fS,JKNL if sσσ/z
2
σ
compensates the Ξ2 suppression).
Let us consider a specific example, with the simplifying assumptions
xc1 = xc2 = fχ1 = xχ1 = 0 , (99)
that is, we neglect the energy fraction of dark matter and assume that the
curvaton σ does not decay into χ and that χ is subdominant when σ decays.
Under these assumptions, zσ = xr1(1−xr2)/3 and we further assume fc1 ≪ zσ
so that sσ ≃ −3zσ. In the two limits xr1 = r˜1ξ1 ≪ 1 and (1 − xr2) ≪ 1, zσ
is small and the adiabatic non-Gaussianity behaves as
f˜ ζ,ζζNL =
1
1− xr2
[
f˜ ζ,ζζNL 1 +
xr2
1− xr2
(
3
2
+ xr2 f˜
ζ,ζζ
NL 2
)]
, (100)
where f˜ ζ,ζζNL 1,2 correspond to single-curvaton coefficient, equation (63), but
calculated with the parameters ξ1,2 and xr1,r2 respectively.
If we assume xr2 ≪ 1, the above equation corresponds to the single-
curvaton result (68). The other coefficients also follow the relations given in
(68), since sσσ/zσσ = −3 with the assumptions (99) and fc1 ≪ 1, and are
thus of comparable magnitude.
21
Second possibility: |sσ| ≪ |zσ|
When a small α is the consequence of |sσ| ≪ |zσ|, one sees from the first
relation in (98) that all the f I,JSNL are strongly suppressed with respect to f
I,Jζ
NL .
However, the two coefficients f I,ζζNL can still be important if |zσ| is sufficiently
small. By examining (77) and (81), one sees that getting |sσ| ≪ |zσ| ≪ 1
requires some fine-tuning between the coefficients, which we now discuss.
In order to get |zσ| ≪ 1, the first possibility is that the first curvaton is
subdominant, i.e. xr1 = O(ǫ), where ǫ is some small number (we neglect xc2
which must be small because we are deep in the radiation era), which then
requires either xr2 = O(ǫ) or fχ1 = O(ǫ). The second possibility is that the
second curvaton dominates at decay, i.e. xr2 = 1−O(ǫ), which also requires
that fχ1 = O(ǫ). Then, to obtain |sσ| ≪ |zσ|, the terms of the right hand side
of (81), which are of order ǫ must compensate each other so that their sum
is at most of order O(α ǫ), which necessitates some special relation between
the fA and the xA.
If we consider again the assumptions (99) and neglect fc2, one finds that
the fine-tuning condition to get |sσ| ≪ |zσ| is
fc1 − xr1(1− xr2) ≤ O(αǫ) . (101)
The adiabatic parameter f˜ ζ,ζζNL is given in equation (100), with now Ξ ∼ 1,
and its value is of order 10 when ǫ ∼ xr1(1 − xr2) ∼ 0.1. Since sσσ/zσσ ≃
−3 +O(fc1/xr1(1− xr2)), we also have f˜S,ζζNL ∼ f˜ ζ,ζζNL .
Note that a significant non-Gaussianity generated by a dominant curvaton
(xr2 = 1 − O(ǫ)) has already been pointed out in [27], but we see here
that satisfying the isocurvature bound requires additional constraints on the
branching ratios of the curvatons.
5.3.2 Limit Λ≫ 1
In this limit, one obtains
α ∼ Ξ s
2
χ
z2χ
, f˜ ζζζNL ∼ Ξ2
zχχ
z2χ
, f I,JSNL ≃
sχ
zχ
f I,JζNL , f
S,IJ
NL ≃
sχχ
zχχ
f ζ,IJNL .
(102)
By comparing with (97) and (98), one sees that the analysis is analogous to
the previous case, by replacing zσ, zσσ, sσ and sσσ by zχ, zχχ, sχ and sχχ,
respectively.
When the curvaton contribution to the power spectrum is not negligi-
ble, significant non-Gaussianity, while satisfying the isocurvature bound, is
obtained when |sχ| ≪ |zχ| ≪ 1. This constraint is satisfied if one assumes
fχ1 = 1−O(ǫ), which means that the second curvaton is created mainly by
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the decay of the first, while xr2 = 1 −O(ǫ), xχ1 . O(ǫ) and fc2 = 1 −O(ǫ).
Other possibilities exist but require some fine-tuning between the parameters,
in analogy with the previous analysis in the case Λ≪ 1.
5.3.3 Intermediate values of Λ
In this case, one must satisfy simultaneously the constraints |sσ| ≪ |zσ| and
|sχ| ≪ |zχ|, due to the isocurvature bound. The relative strength of the
different f˜NL coefficients cannot be expressed in such a simple form as in
(98), but it will be determined again by the ratios sσ/zσ, sχ/zχ, sσσ/zσσ and
sχχ/zχχ.
In order to get also a significant non-Gaussianity, we look for parameter
values such that
zσ, zχ ∼ O(ǫ), sσ, sχ . O(α ǫ). (103)
These constraints can be satisfied by fine-tuning the parameters. Solving
sσ ≃ 0 and sχ ≃ 0 for the two parameters fc1 and fc2 yields
fc1 ≃ (xr1 − xc1)(1− fχ1)− xχ1
1− fχ1 − xχ1 , fc2 ≃ xr2 − xc2 +
1− xr2
1− fχ1 xχ1 . (104)
The observational constraint on the isocurvature power spectrum is satisfied
if these two fine-tuning relations hold simultaneously, at the level O(α ε).
Using these relations, one finds interesting non-Gaussianity for the following
set of parameters: xr1 = O(ǫ), xr2 = O(ǫ), xχ1 = O(α ǫ), fc1 = xr1 − xc1 +
O(α ǫ), fc2 = xr2 + O(α ǫ), with negligible values for xc2. In this scenario,
both curvatons are subdominant at their decay and the fraction of produced
dark matter is fine-tuned.
6 Conclusions
In this work, we have introduced a systematic treatment in order to com-
pute the evolution of linear and non-linear cosmological perturbations in a
cosmological transition due to the decay of some particle species. Our main
results can be summarized as follows.
At the linear level, the evolution of all individual curvature perturbations
can be expressed in terms of a transfer matrix, whose coefficients depend on
background quantities, such as the relative abundances of the fluids at the
decay, their equation of state parameters and the relative decay branching
ratios [see Eqs (21-25)]. At the non-linear level, the post-decay curvature
perturbations can also be given in terms of the pre-decay perturbations quite
generally, and we have presented explicitly these relations at second order [see
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Eqs (27-28)]. We have then applied our general formalism to two specific
examples.
The first example is the mixed curvaton-inflaton scenario in which we
allow the dark matter to be created both before and during the curvaton
decay. We find, in particular, the remarkable result that it is possible to
obtain isocurvature dominated non-Gaussianities with, as required by the
CMB measurements, an adiabatic dominated power spectrum.
In the second example, we have studied scenarios with several curvaton-
like fields and obtained results that generalize previous works on two-curvaton
scenarios by taking into account the various decay products of the curvatons.
We have explored the parameter space to see whether it is possible to find
significant non-Gaussianity while satisfying the isocurvature bound in the
power spectrum. We have found that several such regions exist, but often at
the price of a fine-tuning between the parameters.
In the presence of isocurvature modes, which can be correlated with the
adiabatic modes, non-Gaussianity of the local type is much richer than in
the purely adiabatic case and we have shown that the angular bispectrum is
the sum of six different contributions. As a consequence, in addition to the
traditional fNL (adiabatic) parameter, we have identified five new non-linear
parameters that must be taken into account: one purely isocurvature param-
eter and four correlated parameters. We have computed these parameters in
the two models we have investigated.
Beyond the two examples considered in this work, our formalism can
be used as a general toolbox to study systematically the cosmological con-
straints, arising from linear perturbations and from non-Gaussianities, for
particle physics models and their associated cosmological scenarios.
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A Angular bispectrum
We consider several observable quantities XI , like ζ and Sc, which depend
on “primordial” scalar fields φa, whose perturbations are generated during
inflation. Up to second order, one can formally write
XI = N Iaφ
a +
1
2
N Iabφ
aφb + . . . (105)
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We assume that the φa are Gaussian random fields, with the two-point cor-
relation functions
〈φa(~k)φb(~k′)〉 = (2π)3 P ab(k) δ(~k + ~k′) . (106)
We then define the bispectra of the XI by
〈XI~k1X
J
~k2
XK~k3〉 = (2π)
3δ(Σi~ki)B
IJK(k1, k2, k3) . (107)
Substituting the decomposition (105) into the left hand side, and using (106),
one finds
BIJK(k1, k2, k3) = N
I
aN
J
b N
K
cdP
ac(k1)P
bd(k2) +N
I
aN
J
bcN
K
d P
ab(k1)P
cd(k3)
+N IabN
J
c N
K
d P
ac(k2)P
bd(k3). (108)
As shown in [37], the angular bispectrum can be expressed in terms of
the ”reduced bispectrum” bl1l2l3 , according to the expression
〈al1m1al2m2al3m3〉 = Gm1m2m3l1l2l3 bl1l2l3 , (109)
where
Gm1m2m3l1l2l3 ≡
∫
d2nˆYl1m1(nˆ) Yl2m2(nˆ) Yl3m3(nˆ) (110)
is the Gaunt integral.
The next step is to express the reduced bispectrum in terms of the gener-
alized bispectra BIJK , using the fact that the observable quantity is related
to the initial perturbations XI via a transfer function gIl (k), so that
alm = 4π(−i)l
∫
d3~k
(2π)3
(∑
I
XI(~k)gIl (k)
)
Y ∗lm(
~ˆk). (111)
Substituting the above expression in the left hand side of (109), one finally
obtains
bl1l2l3 = 3
∑
I,J,K
N IabN
J
c N
K
d
∫
∞
0
r2drβ˜I(l1(r)β
J,ac
l2
(r)βK,bdl3) (r), (112)
with
β˜Il (r) ≡
2
π
∫
k2dkjl(kr)g
I
l (k), β
I,ab
l (r) ≡
2
π
∫
k2dkjl(kr)g
I
l (k)P
ab(k) .
(113)
Note that the “reduced” bispectrum is symmetric with respect to permuta-
tions of the indices l1, l2 and l3 (we use the standard notation: (l1l2l3) ≡
[l1l2l3 + 5perms]/3!).
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In the simplest case, one considers only the adiabatic mode, ζ (or the
gravitational potential Φ), which is assumed to depend on a single “primor-
dial” Gaussian field. In this case, where both the indices I and a take a
single value, one recovers immediately the familiar result of [37]. Our gen-
eral expression also includes the particular situation considered in [19], where
ζ = φ+ (3/5)fNLφ
2 and S = η + f isoNLη
2, φ and η being Gaussian variables.
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